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We study synhronization in delay-oupled osillator networks, using a master stability funtion
approah. Within a generi model of Stuart-Landau osillators (normal form of super- or subritial
Hopf bifuration) we derive analytial stability onditions and demonstrate that by tuning the
oupling phase one an easily ontrol the stability of synhronous periodi states. We propose
the oupling phase as a ruial ontrol parameter to swith between in-phase synhronization or
desynhronization for general network topologies, or between in-phase, luster, or splay states in
unidiretional rings. Our results are robust even for slightly nonidential elements of the network.
PACS numbers: 05.45.Xt, 05.45.Gg, 02.30.Ks, 89.75.-k
Over the last deade, ontrol of dynamial systems and
stabilization of unstable states have beome a entral is-
sue in nonlinear siene [1℄. In parallel, the study of
oupled systems ranging from a few elements to large
networks has evolved into a rapidly expanding eld [2℄.
To determine the stability of synhronized osillations
in networks, Peora and Carroll introdued a tehnique
alled master stability funtion (MSF) [3℄, whih allows
one to separate the loal dynamis of the individual nodes
from the network topology. Although some reent ap-
proahes have tried to extend this theory in the presene
of time delays [4, 5℄, up to now ontrol and design of dy-
nami behavior in omplex networks with time delay is
still in its infany.
In this Letter, we aim to ll this gap by developing
analytial tools for a large lass of delay-oupled net-
works and deriving analytial onditions for ontrolling
the dierent states of synhrony. We identify the ou-
pling phase as a ruial ontrol parameter and demon-
strate that by adjusting this phase one an deliberately
swith between dierent synhronous osillatory states of
the network. We use a generi model desribing a wide
range of systems near a Hopf bifuration, whih allows
for an analytial treatment, inluding the alulation of
the Floquet exponents. These results promise broad ap-
pliability, sine the presene of time delays is of ruial
importane in a variety of physial, biologial, tehnolog-
ial, soial, eologial, or eonomi networks where they
our, e.g., as propagation delays in ommuniation net-
works and laser arrays [6, 7, 8℄, eletroni iruits [9℄,
neural systems [10, 11, 12℄, or oupled Kuramoto phase
osillators [13, 14, 15℄, or in time-delayed feedbak on-
trol loops [16℄.
We onsider N -dimensional networks of delay-oupled
Stuart-Landau osillators (j = 1, . . . , N)
z˙j = f (zj) + σ
N∑
n=1
ajn (zn(t− τ)− zj(t)) , (1)
with zj = rje
iϕj ∈ C, time delay τ , and omplex ou-
pling strength σ = Keiβ . Suh phase-dependent ou-
plings have been shown to be important in overoming
the odd-number limitation of time-delayed feedbak on-
trol [17℄ and in antiipating haos synhronization [18℄.
The topology of the network is determined by the real-
valued adjaeny matrix A = (ajn). Nonzero diagonal
elements, for instane, orrespond to networks with de-
layed self-feedbak. In the following, we onsider only
onstant row sum µ =
∑
n ajn suh that eah node is
subjet to the same input for omplete synhronization.
This generalizes the ommon assumption of zero row sum
in the MSF approah. The loal dynamis of eah ele-
ment is given by the normal form of a superritial (−)
or subritial (+) Hopf bifuration:
f (zj) =
[
λ+ iω ∓ (1 + iγ)|zj|
2
]
zj (2)
with real onstants λ, ω 6= 0, and γ. This system arises
naturally as a generi expansion near a Hopf bifuration,
and is therefore often used as a paradigm for osillators.
In the following, we fous on synhronous in-phase,
luster, and splay states with a ommon amplitude rj ≡
r0,m and phases given by ϕj = Ωmt+j∆φm with ∆φm =
2pim/N . The integer m determines the spei state: in-
phase osillations orrespond to m = 0, while luster
and splay states orrespond to m = 1, . . . , N − 1. The
luster number dc, whih determines how many lusters
of osillators exist, is given by the least ommon multiple
of m and N divided by m. dc = N orresponds to a
splay state [19℄. With the above notation, we obtain for
in-phase osillation in general networks and for splay and
luster states in ring ongurations
r20,m = ±
(
λ− µK cosβ +K
N∑
n=1
ajn cosΦn,m
)
(3a)
Ωm = ω ∓ γr
2
0,m − µK sinβ +K
N∑
n=1
ajn sinΦn,m (3b)
as invariant solutions of r0,m and ϕj using the abbrevia-
tion Φn,m = β − Ωmτ + (n − j)∆φm, whih is indepen-
dent of j in the ases mentioned above [20℄. The following
disussion fouses on the superritial ase (upper signs),
but a similar argument holds also for the subritial Hopf
normal form (see disussion at the end of this Letter).
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FIG. 1: (Color online) Colletive frequeny Ω0 (left) and
squared amplitude r20 (right) of in-phase osillation (m = 0) vs
time delay τ for dierent amplitude of the feedbak strength
(µK = 0.3 and 0.7 in (a),(b) and (),(d), respetively). Blak
(blue) and gray (yellow) urves orrespond to a feedbak
phase β = 0 and β = Ω0τ , respetively. Unphysial solu-
tions (r20 < 0) are dashed. For β = Ω0τ the urves in (a),
() have the same shape, but no unphysial solutions our.
Parameters: λ = 0.1, ω = 1, γ = 0.
Figure 1 shows solutions of r20 (r0 ≡ r0,0) and Ω0 for
in-phase osillations (m = 0) aording to Eqs. (3) in de-
pendene on the time delay τ for xed feedbak strength
µK = 0.3 and 0.7 in panels (a),(b) and (),(d), respe-
tively. The blak (blue) lines show the behavior for the
oupling phase β = 0. The olletive frequeny Ω0 is
distributed around the intrinsi frequeny ω = 1, where
multiple solutions are obtained with inreasing time de-
lay τ . This behavior beomes more pronouned for higher
µK (). The olletive amplitude also shows multival-
ued behavior; spurious solutions with r20 < 0, whih
orrespond to amplitude death, are indiated as dashed
urves. For a oupling phase β = Ω0τ , these unphysial
solutions do not our sine r20 ≥ λ = 0.1 as shown by the
gray (yellow) urves in (b),(d). Note that for β = Ω0τ
the shape of the Ω0 urve in (a),() is unhanged, but
now all points are valid solutions.
Considering small deviations δrj and δϕj , i.e, rj =
r0,m(1+ δrj), ϕj = Ωmt+ j∆φm+ δϕj, ξj = (δrj , δϕj)
T
,
yields a variational equation for the synhronized state
ξ˙ = IN ⊗ (J
∓
0,m −KΨm)ξ +K(A⊗Rn,m)ξ(t− τ) (4)
with the 2N -dimensional vetor ξ = (ξ1, . . . , ξN )
T
,
the N × N identity matrix IN , and matries Ψm =( ∑
n ajn cosΦn,m −
∑
n ajn sinΦn,m∑
n ajn sinΦn,m
∑
n ajn cosΦn,m
)
, Rn,m =(
cosΦn,m − sinΦn,m
sinΦn,m cosΦn,m
)
, J
∓
0,m =
(
∓2r20,m 0
∓2γr20,m 0
)
,
whih is an important generalization of the usual MSF
approah.
In order to derive an analytial expression for stability,
Eq. (4) has to be diagonalized in terms of A. To sueed,
FIG. 2: (Color online) (a), (b) Master stability funtion in
the (Re ν, Im ν)-plane for m = 0, β = 0. The gray sale
(olor ode) orresponds to the largest real part of the Floquet
exponents for a given value of the produtKν. All eigenvalues
of the oupling matrix A for a unidiretional ring lie on the
blak irle. Parameters:(a) Kµ = 0.3, τ = 2pi, (b) Kµ =
0.08, τ = 0.52pi, others as in Fig.1. () Distribution of relative
phases θ = ϕi−Θ around the order parameter for 200 slightly
nonidentidal elements with dierent standard deviations σω
of the frequenies ω for β = Ω0τ . Dotted (blak) urve: β =
Ω0τ + pi (desynhronization). Other parameters as in (b).
the rotational matrix Rn,m must not depend on n. This
is ahieved in two ases: (i) By onsidering only in-phase
synhronization (m = 0), or (ii) by onsidering speial
network ongurations.
In ase (i), the matrix Rn,0 = R with Φn,0 = Φ0 does
not depend on n and with J∓0,0 ≡ J
∓
0 Eq. (4) simplies to
ξ˙ = IN ⊗ (J
∓
0 − µKR)ξ +K(A⊗R)ξ(t− τ) (5)
DiagonalizingA, we arrive at the blok-diagonalized vari-
ational equation:
ζ˙k(t) = J
∓
0 ζk(t)−KR [µζk(t)− νkζk(t− τ)] , (6)
where νk is an eigenvalue of A, k = 0, 1, 2, . . . , N−1, and
ν0 = µ orresponds to the dynamis in the synhroniza-
tion manifold. Sine the oeient matries in Eq. (6) do
not depend on time, the Floquet exponents of the syn-
hronized periodi state are given by the eigenvalues Λ
of the harateristi equation
det
{
J
∓
0 − ΛI2 +K
(
− µ+ νke
−Λτ
)
R
}
= 0. (7)
Figures 2(a),(b) depit the MSF, i.e., the largest real
part of the Floquet exponents, alulated from Eq. (7)
for dierent oupling parameters. Note that for a uni-
diretionally oupled ring all eigenvalues, i.e., νk =
exp(2piik/N) with k = 0, 1, . . . , N − 1, are loated on the
blak irle. Hene, for the hoie of parameters in panel
(a) all eigenvalues lie in the region of negative maximum
real part of the Floquet exponent (stable in-phase solu-
tion), whereas the parameters in panel (b) do not allow
3for synhronization of the unidiretional ring. Further-
more, it an be shown using Gershgörin's disk theorem
[13℄ that the eigenvalues are loated on or inside this
irle S(0, µ) entered at 0 with radius µ for any net-
work topology without self-feedbak (diagonal elements
ajj = 0). The same holds for the irle S(ajj , µ) en-
tered at ajj if self-feedbak (onstant ajj , j = 1 . . . , N)
is added while keeping the onstant row sum ondition.
Note that the MSF is symmetri with respet to a hange
of sign of Im(ν).
For oupling phases β = Ω0τ + 2lpi with integer l, i.e.,
Φ0 = 2lpi, the harateristi equation (7) for the Floquet
exponents Λ fatorizes:
0 =
(
Kνke
−Λτ −Kµ∓ 2r20 − Λ
) (
Kνke
−Λτ −Kµ− Λ
)
.
(8)
In the superritial ase (upper sign), the dominant Flo-
quet exponent is determined by the seond fator in
Eq. (8) whih gives Re Λ < 0 forK > 0 for any eigenvalue
νk on or inside S(0, µ), taking into aount r
2
0 > 0, and
hene stable in-phase synhronization for any network
topology without or with self-feedbak, observing the
onstant row sum onditions. A similar equation arises
for β = Ω0τ + (2l+1)pi with Ω0 obtained from Eq. (3b),
and it an be shown by analogous arguments that there
exist exponents Λ with positive real part, whih results
in desynhronization. In onlusion, the synhronous
(in-phase) dynamis an be stabilized or destabilized by
proper hoie of the oupling phase β. These results are
robust even if slightly nonindential elements are onsid-
ered. Fig. 2() shows numerial simulations for all-to-all
oupling of 200 elements with Gaussian frequeny distri-
butions around ω = 1 with dierent standard deviations
σω . For β = Ω0τ the relative phases of the individual os-
illators around the order parameter ReiΘ ≡ 1N
∑
j
zj
|zj |
(in rotating oordinates) are distributed around a max-
imum (in-phase) with dierent sharpness aording to
σω , whereas for β = Ω0τ + pi the phase is uniformly dis-
tributed regardless of σω (desynhronization).
We now onsider ase (ii), i.e., speial network ongu-
rations, and exemplarily hoose a unidiretional ring with
ai,i+1 = aN,1 = 1 = µ and all other ai,j = 0. Then the
matrix Rn,m = Rm with Φn,m = Φm = β−Ωmτ +∆φm
does not depend on n and the diagonalization of Eq. (4)
yields the same form as Eq. (6) with µ = 1, and R re-
plaed by Rm. The eigenvalues of A are expliitly given
by νk = e
2ikpi/N
, k = 0, 1, . . . , N − 1, and the Floquet
exponents Λ an be alulated from the orresponding
harateristi equation (7).
Figure 3(a) shows the stability boundaries of dierent
dynamial senarios in the (K, τ)-plane for unidiretional
oupling of N = 4 osillators. The oupling phase is xed
at β = 0. The gray sale (olor ode) indiates regions
of dierent multistability of in-phase (m = 0), 2-luster
(m = 2), and splay states (m = 1, m = 3): Blak (blue),
dark gray (red), light gray (green), and yellow (white)
olor orresponds to regions where one, two, three, or
four of these dynamial states are stable, respetively.
FIG. 3: (Color online) (a) Stability diagram of unidiretional
ring of N = 4 osillators in the (K, τ )-plane (β = 0). Solid,
dash-dotted, dashed, and dotted boundaries orrespond to
a stability hange of in-phase (m = 0), 2-luster (m = 2),
splay states with m = 1, and m = 3, respetively. The blak
(blue), dark gray (red), light gray (green), and white (yellow)
regions denote multistability of one, two, three, and four of the
above states. (b)-(e) Time series of the phase dierenes for
a unidiretional ring of four slightly nonidential osillators:
(b) β = Ω0τ , () Ω1τ − pi/2, (d) Ω2τ − pi, (e) Ω3τ − 3pi/2,
with Ω0 = 1, Ω1 = 0.83903, Ω2 = 1, and Ω3 = 1.16097. Blak
(blue), dark gray (red), and light gray (green) lines denote
the dierenes ϕ2 − ϕ1, ϕ3 − ϕ1, and ϕ4 − ϕ1, respetively
(in (b),(d) blak (blue) is hidden behind light gray (green)).
Parameters: λ = 0.1, γ = 0, K = 3, τ = 3pi, ω1 = 0.99757,
ω2 = 0.99098, ω3 = 1.01518 and ω4 = 0.99496.
Let us now onsider the eets of the oupling phase
β. The spei hoie of β = Ω0τ , Ω1τ − pi/2, Ω2τ − pi,
and Ω3τ − 3pi/2 enlarges the stability regime of the
in-phase, splay (m = 1), luster, and splay (m = 3)
states, respetively, to the omplete (K, τ)-plane. This
an be understood as follows. For Φm = 2lpi, i.e.,
β = Ωmτ − ∆φm + 2lpi with integer l, the harater-
isti equation an again be fatorized as Eq.(8). For
the superritial ase, taking into aount r20 > 0 at
β = Ωmτ −∆φm + 2lpi, it follows again that the domi-
nant Floquet exponents have negative real part for any
K > 0 and τ . Therefore the unidiretional ring on-
guration of Stuart-Landau osillators exhibits in-phase
synhrony, splay state and lustering aording to the
hoie of the ontrol parameter β = Ω0τ , Ω1τ − 2pi/N ,
or Ωmτ − 2pim/N (m > 1, N > 2), respetively, for any
values of the oupling strength and time-delay.
To illustrate this further and demonstrate the robust-
ness of our stability results for slightly nonidential osil-
lators, we hoose a set of ontrol parameters K = 3 and
τ = 3pi, denoted by the blak ross in Fig. 3(a), for whih
multistability of all four possible synhronization states
is found for the oupling phase β = 0. Figures 3(b)-
(e) show time series from numerial simulations of four
Stuart-Landau osillators in a unidiretional ring ong-
uration with slightly dierent frequenies ω. For eah
hoie of β in panel (b) - (e) the solutions Ωm were ob-
tained by solving Eqs. (3) suh that the solution of Ωm
losest to unity was hosen. The dierenes of the phases
4FIG. 4: (Color online) Real part of the Floquet exponents Λ in
the subritial ase vs redued oupling strength (N −1)K in
the all-to-all and star oupling ongurations for dierent N .
The solid (blue) lines denotes ReΛ inside the synhronization
manifold for both all-to-all and star oupling. The dashed
(red) lines show the largest transversal ReΛ for dierent N
and all-to-all oupling. Floquet exponents for star oupling
are independent of N . Parameters (as in [17℄): λ = −0.005,
ω = 1, γ = −10, τ = 2pi/(1− γλ), β = pi/4.
ϕi (i = 2, 3, 4) relative to the rst osillator phase ϕ1 are
plotted. After transients (note that the transient osilla-
tions are not resolved on the time sale hosen), the os-
illators behave exatly as predited by our theory, i.e.,
they lok into in-phase synhronization for β = ωτ (b),
into a splay state for β = ωτ − pi/2 (), into a 2-luster
state for β = ωτ − pi, where ϕ1 = ϕ3 and ϕ2 = ϕ4 (d),
and again into a splay state, albeit with inverted ordering
of the phases, for β = ωτ − 3pi/2 (e).
Finally, for the subritial Hopf normal form, it an be
shown that the periodi orbit, whih is unstable in the
unoupled ase, an be stabilized in-phase synhronously
by, e.g., bidiretional ring, star, or all-to-all oupling
without self-feedbak. In these ases, both the synhro-
nization manifold and the transversal modes are stable.
There, Floquet exponents Λ satisfy again Eq. (7) with
ν0 = µ. For proper oupling phases β, we nd a nite
interval of feedbak gain K for whih the real parts of all
Floquet exponents are negative. Note that the in-phase
synhronization manifold oinides with a single osilla-
tor with delayed self-feedbak as onsidered in Ref. [17℄
to refute the alleged odd number limitation.
For all-to-all oupling the adjaeny matrix is given
by ai,i = 0 and ai,j = 1 for i 6= j and i, j = 1, . . . , N ,
while for star oupling all ai,j = 0, exept a1,i = 1 and
ai,1 = N − 1 for i = 2, . . . , N . Figure 4 shows Re Λ
in the subritial ase as a funtion of oupling strength
µK for all-to-all and star oupling. The solid (blue) lines
orresponds to Re Λ inside the synhronization manifold
(ν0 = µ = N − 1 for both oupling ongurations). For
all-to-all oupling the transversal eigenvalues of A are
given by νk = −1 for k = 1, . . . , N−1 and the orrespond-
ing largest Re Λ are denoted by the dashed (red) lines in
Fig. 4 for dierent N . For star oupling, the transversal
eigenvalues of A are νk = 0 for k = 1, . . . , N − 2 and
νN−1 = −(N − 1), and the orresponding largest Re Λ
are marked shematially. We stress that for both all-to-
all and star oupling there exists an interval of feedbak
strength K in whih all Re Λ < 0. Thus, time delayed
oupling results in stabilization and in-phase synhro-
nization.
In onlusion, we have shown that by tuning the ou-
pling phase in delay-oupled networks one an easily on-
trol the stability of synhronous periodi states, and we
have speied analyti onditions. In general networks
in-phase synhronization or desynhronization an be
hosen, and in unidiretional rings either in-phase, lus-
ter or splay states an be seleted. The oupling phase
is a parameter whih is readily aessible, e.g., in optial
experiments [1℄. Our results are robust even for slightly
nonidential elements of the network.
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